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The dynamics of two weakly-coupled superconductors was ﬁrst
predicted by Josephson in 1963 [1]. Successively, a simple and cel-
ebrated model of a Josephson junction (JJ) was proposed by Feyn-
man [2]. Even though Feynman’s description of a JJ is indeed useful
in considering a two-level quantum system in which the interact-
ing condensates are not perturbed by an external classical system,
the case in which an external voltage source is applied across the JJ
has been fully taken into account by Ohta [3]. To this respect, an
analysis taking from a microscopic Hamiltonian to the Feynman
equations for a Josephson junction it still lacking. More recently,
after the discovery of high-temperature superconductors [4], mod-
els of one-dimensional arrays of Josephson junctions [5–7] have
been widely adopted in the study of the physical properties of
granular superconducting systems.
In the present work we perform a microscopic analysis of N
coupled superconductors in which nearest-neighbour interactions
are present. We deﬁne the dynamics of the order parameter of each
superconducting element by recurring to the Heisenberg picture
for fermionic operators. In this way, a set of coupled ordinary
differential equations (ODEs) is obtained. When specializing this
system of ODEs to only two coupled superconductors, Feynman’s
model can be obtained. These results conﬁrm the correspondence
between the microscopic picture proposed in the present work
and, by generalizing to a non-isolated JJ, the semi-classical analysis
given by Ohta. In this way, further generalization of Ohta’s model
to multi-barrier Josephson junctions [8] based on thesemi-classical analysis can be retained to be in line with a strict
microscopic description of these types of junctions, lately proposed
for application in fabricating innovative quantum interference
devices [9,10].2. Feynman’s model and Ohta’s semiclassical analysis
In the present section we brieﬂy recall the main results of
Feynman’s model and Ohta’s semiclassical description of a Joseph-
son junction (JJ) [2,3]. By considering two weakly coupled super-
conductors, S1 and S2, one can describe the quantum state of
each electrode by the corresponding macroscopic superconducting
wave function:
wk ¼
ﬃﬃﬃﬃﬃﬃ
Nk
p
eihk ð1Þ
where k = 1, 2, and where Nk and hk are, respectively, the number
density of Cooper pairs and the quantum phase of the k-th
electrode. Feynman thus describes the dynamics of the JJ by means
of the Schroedinger equation:
ih
@w
@t
¼ H^0w ð2Þ
where w ¼ w1
w2
 
. The matrix expression of the Hamiltonian opera-
tor H^0 is given by the summation of three terms, so that
H^0 ¼ H^1 þ H^2 þ H^K , where H^1 ¼ E1 w1j i w1h j and H^2 ¼ E2 w2j i w2h j are
the Hamiltonian operators for S1 and S2, respectively, and
H^K ¼ Kð w1j i w2h j þ w2j i w1h jÞ is the Hamiltonian operator describing
the interaction between the two superconductors. Therefore, the
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man is given by the following expression:
H^0 ¼
E1 K
K E2
 
: ð3Þ
In this way, Schroedinger’s equation (2) gives the following two
linear differential equations for the macroscopic superconducting
wave functions w1 and w2:
ih @w1
@t ¼ E1w1  Kw2
ih @w2
@t ¼ E2w2  Kw1
(
: ð4Þ
As already stated, Feynman’s model is perfectly suited for an
isolated two-level quantum system. In the case of the two
weakly-coupled superconductors to which a voltage V is applied,
however, it does not reproduce the Josephson equations exactly:
I ¼ IJ0 sin/
V ¼ U02p d/dt
; ð5Þ
where I is the superconducting current ﬂowing through the JJ, IJ0
being its maximum value, / ¼ h2  h1 is the superconducting phase
difference across the JJ, and U0 ¼ h2e is the elementary ﬂux quantum.
In particular, while the current-phase relation (CPR) is correctly
predicted, Feynman’s model contemplates an additional cos u term
in the voltage-frequency relation (VFR). The difﬁculty in considering
an externally applied voltage source was overcome by Ohta [3]. In
order to summarize the precious work of the latter author, we
may afﬁrm that when a quantum system Q interacts with a classical
system C, a semi-classical Hamiltonian H can be deﬁned. In fact, we
may consider the observable energy density of the isolated quan-
tum system ho ¼ wh jH^0 wj i and the interacting energy HI between
Q and C. In this way, the semi-classical Hamiltonian H is
H ¼
Z
h0 d
3~x
Z
I V dt: ð6Þ
where the second addendum on the right hand side represents the
interaction energy HI . By opportunely deﬁning the conjugate vari-
ables in the semi-classical system, one can make use of Hamilton’s
equations to obtain the correct VFR for a JJ in (4). A simple way of
looking at Ohta’s model has been given in ref. [11]. By now noticing
that the additional term due to the presence of the classical system
is expressed in terms of the observable I and of the applied voltage
V, we might conclude that the ﬁrst addendum in (6) is the only
quantity in the semi-classical Hamiltonian directly related to the
microscopic details of the Q-system. Therefore, one can argue that,
once full correspondence between the microscopic analysis and the
Feynman model can be conﬁrmed, the same argument can be
applied to Ohta’s model.
3. N coupled superconductors
Let us consider the Hamiltonian operator H^ for an array of N
weakly-coupled superconductors, as schematically shown in
Fig. 1. In second-quantized form, we can write H^ as follows:
H^ ¼
X
i;r
ei c^þi;rc^i;r þ
X
i
ðDic^þi;#c^þi;" þ h:c:Þ 
X
i;r
ðKi;iþ1c^þiþ1;rc^i;r þ h:c:Þ
ð7ÞFig. 1. Schematic representation of a one-dimensional array of weakly coupled
superconducting islands. The coupling constant between the adjacent sites i and
i + 1 is denoted by Ki,i + 1.where i = 1, 2,...,N is the index labelling the superconductors,r is the
spin index, with its two values "; # (spin up and spin down, respec-
tively), Ki;iþ1 is the coupling constant between the superconductors i
and i + 1, describing the electromagnetic interaction between two
electrons, each one in a different site (i or i + 1), c^ and c^þ are the
fermionic destruction and creation operators, and h. c. stands for
hermitian conjugate. In (7) we deﬁne the term Di, which can be
identiﬁed with the order parameter, in the following way:
Di ¼ Uhc^i;"c^i;#i ð8Þ
where U is the effective electron–electron interaction potential
energy on site i. The Hamiltonian operator in Eq. (7) thus consists
of the sum of three terms. The ﬁrst term, H^0 ¼
P
i;reic^þi;rc^i;r, as usual,
describes the kinetic properties of electrons, the scalar quantity ei
being the energy of a single electron on site i. The second term,
which we might denote as H^S, describes the coupling potential
energy of a single pair of electrons on the same superconducting
site. By summing this term on all N superconductors, we get the
total electron pair energy. The third term, which we denote as H^K ,
describes the interaction potential energy between electrons on
nearest neighbouring superconductors. In the analytic expression
of H^K , in fact, we notice that Ki;iþ1 is the coupling constant between
two nearest neighbouring superconductors (i and i + 1). Moreover,
we see that the operator c^þiþ1;r creates an electron on the supercon-
ductor i + 1, and the operator c^i;r destroys an electron on the super-
conductor i. Therefore, this term describes an electron going (or, we
may say, jumping) from one superconductor to the next. For this
reason the term H^K can be deﬁned as a ‘‘hopping term’’. One could
arrive to a similar Hamiltonian by considering a Fermi–Hubbard
model with an attractive interaction [12] and by a mean-ﬁeld
approximation giving the deﬁnition of the order parameter in (8).
Having described the analytic properties of the Hamiltonian
operator H^, let us consider the time evolution of the function Di.
As already stated, this quantity can be interpreted as the wave
function wi of the superconducting state on site i. In order to
analyse the time evolution of this quantity, let us consider the
equation of the motion of time-dependent operator c^i;r in the
Heisenberg picture:
ih
@
@t
c^i;r ¼ c^i;r; H^
h i
ð9Þ
For the sake of simplicity, from now on we substitute the
symbol @
@t with @t . From (8) to (9), we get:
ih@twi ¼ ihh½c^i;"; H^c^i;#i þ ihhc^i;"½c^i;#; H^i: ð10Þ
The fermionic operators c^i;r obey the following anti-commuta-
tion rules:
fc^i;r; c^j;r0 g ¼ 0; fc^ir; c^þj;r0 g ¼ dijdrr0 ; fc^þi;r; c^þj;r0 g ¼ 0: ð11Þ
By using the relations (11) and the algebraic property
½A^; B^C^ ¼ fA^; B^gC^  B^fA^; C^g we can calculate the two terms ½c^i;"; H^
and ½c^i;#; H^. By setting H^ ¼ H^0 þ H^S þ H^K we get:
½c^i;r; H^0 ¼ eic^i;r;
½c^i;r; H^S ¼ wiðc^þi;"dr;#  c^þi;#dr;"Þ;
½c^i;r; H^K  ¼ Ki1;i c^i1;r  Kiþ1;ic^iþ1;r
ð12Þ
where r ¼"; #.
By substituting (12) in (10) and by deﬁning
Ui ¼ hc^i;"c^iþ1;#i þ hc^iþ1;"c^i;#i ð13Þ
we get:
ih@twi ¼ 2eiwi þ ½1 2hn^iiwi  Ki1;iUi1  Kiþ1;iUi ð14Þ
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complete dynamics of the system of the N differential equations
in (14), we need to specify the time evolution of the functions
deﬁned in (13), and so we calculate:
ih@tUi ¼ h½c^i;"; H^c^1þ1;#i þ hc^i;"½c^iþ1;#; H^ i þ h½c^iþ1;"; H^c^i;#i
þ hc^iþ1;"½c^i;#; H^ i ð15Þ
By again using the relations (12), we obtain:
ih@tUi ¼ ðei þ eiþ1ÞUi  ðMi þ 2Ki;iþ1Þwi  ðMi þ 2Kiþ1;iÞwiþ1
 Ki1;iKi  Kiþ2;iþ1Kiþ1 ð16Þ
where we have deﬁned the following additional functions:
Mi ¼ hc^þi;"c^iþ1;"i þ hc^þi;#c^iþ1;#i; ð17aÞ
Ki ¼ hc^iþ1;"c^i1;#i þ hc^i1;"c^iþ1;#i ð17bÞ
Notice that functions Ki can be omitted in the hypothesis that
electron interactions are limited to nearest neighbouring sites,
next neighbouring sites being uncorrelated.
Eqs. (14) and (16) thus represent a semi-classical set of equa-
tions governing the dynamics of the system of N weakly-coupled
superconductors. In the following section we shall apply these
results to the speciﬁc case of two weakly-coupled superconductors
forming a Josephson junction for which the functions Ki are exactly
equal to zero.
4. Two coupled superconductors: a Josephson junction
In the case of only two coupled superconductors (N = 2), we
may rewrite equations (14) and (16) by considering i = 1, 2. We
can argue that the expectation value of the number operator is
hni ¼ 12, so that the Eq. (14) is further simpliﬁed. In fact, electrons
obey the Fermi–Dirac statistics, so that their energy distribution
is given by f ðEÞ ¼ 1
1þe
El
kBT
, l being the chemical potential, kB the
Boltzmann constant and T the absolute temperature. Cooper pairs
are formed by electrons whose energy is close to the Fermi energy
EF  l, so that f ðEÞ  f ðEFÞ ¼ 12. In this way, we may set:
hni ¼ hn1i ¼ hn2i ¼ 12 ð18Þ
Therefore, in the case of N = 2, equations (14) and (16) give:
ih@tw1 ¼ 2e1w1  K2;1U1
ih@tU1 ¼ ðe1 þ e2ÞU1  ðM1 þ 2K1;2Þw1  ðM1 þ 2K2;1Þw2
ih@tw2 ¼ 2e2w2  K1;2U1
8><
>: ð19Þ
By setting K1;2 ¼ K2;1 ¼ K , and by the hypothesis that M1 is a
real function of time, we have:
ih@tw1 ¼ 2e1w1  KU1
ih@tU1 ¼ ðe1 þ e2ÞU1  2ðK þ M12 Þðw1 þ w2Þ
ih@tw2 ¼ 2e2w2  KU1
8><
>: ð20Þ
In order to ﬁnd only two ODEs for the variables w1 and w2, we
can solve the differential equation for U1 in terms of the latter vari-
ables. Let us then deﬁne the following quantities:
~K ¼ K þM1
2
; e1 ¼ e eV ; e2 ¼ eþ eV ; ð21Þ
so that the differential equation for U1 can be rewritten in the fol-
lowing simpliﬁed form:
ih@tU1 ¼ 2eU1  2~Kðw1 þ w2Þ: ð22ÞBeing Eq. (22) a linear differential equation, we know that its
most general solution can be expressed as the sum of the homoge-
neous and particular solutions. The homogeneous solution is found
by solving the associated differential equation ðih@t  2eÞU1;H ¼ 0,
so that
U1;HðtÞ ¼ U1ð0Þ exp 2ieh t
 
ð23Þ
In order to ﬁnd the particular solution, we can use the Green
function method:
U1;PðtÞ ¼ 2~K
Z þ1
1
vðt  t0Þ½w1ðt0Þ þ w2ðt0Þdt0 ð24Þ
in which vðtÞ is the Green function, satisfying the differential
equation:
ðih@t  2eÞvðtÞ ¼ dðtÞ ð25Þ
where dðtÞ is the Dirac distribution function. We can express the
function vðtÞ in the following factorized form:
vðtÞ ¼ AðtÞhðtÞ ð26Þ
where hðtÞ is the Heaviside unitary step function. In this way, by
setting Að0Þ ¼  ih, equation (25) becomes:
hðtÞ½ih@tAðtÞ  2eAðtÞ ¼ 0 ð27Þ
For t P 0 we thus get:
ðih@t  2eÞAðtÞ ¼ 0: ð28Þ
The solution to Eq. (28) is thus given as follows:
AðtÞ ¼  i
h
exp 2ie
h
t
 
: ð29Þ
Therefore, we have:
U1;PðtÞ ¼ 2i
~K
h
Z þ1
1
hðt  t0Þ½w1ðt0Þ þ w2ðt0Þ exp½
2ie
h
ðt  t0Þdt0:
ð30Þ
The general solution U1ðtÞ is now given by:
U1ðtÞ ¼ U1;HðtÞ þU1;PðtÞ ð31Þ
For t >> 0 we can consider U1;HðtÞ negligible, and we can set
U1ðtÞ  U1;PðtÞ. We therefore rewrite (26) in the following way:
U1ðtÞ ¼ 2i
~K
h
Z t
1
½w1ðt0Þ þ w2ðt0Þ exp 
2ie
h
ðt  t0Þ
 
dt0: ð32Þ
To extract signiﬁcant terms from this expression, we make the
following change of variables:
e ¼ e0  i c
2
; ð33Þ
where c is a positive real parameter whose meaning will be
explained later. By taking exp½ ch ðt  t0Þ << 1 and by assuming
that w1ðtÞ and w2ðtÞ are slowly varying functions, in the signiﬁcant
interval ½t; t, we get:
U1ðtÞﬃ2i
~K
h
½w1ðtÞþw2ðtÞ
Z t
t
exp 2ie
h
ðt t0Þ
 
exp  c
h
ðt t0Þ
h i
dt0:
ð34Þ
In addition, as t0 gets close to t, it is possible to approximate
t  t0 with t  t ¼ l. In this way, by the approximation
exp½ ch ðt  t0Þ << 1, we need to have at least clh  1. This expres-
sion is useful to understand the role of the constant c, which can
be considered as a characteristic decay constant of the interaction
between electrons on two different sites. The function U1ðtÞ can
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By now estimating the integral in (34) as ð1 ielh Þ, we may
ﬁnally write:
U1ðtÞ  2ic ~Kð1 iecÞ½w1ðtÞ þ w2ðtÞ ð35Þ
Therefore, substituting (35) in (20) and by deﬁning
R ¼ 2iK ~Kcð1 iecÞ ¼ RR þ iRI; ð36Þ
where RR ¼ 2ec2K ~K and RI ¼ 2cK ~K , we get the following form for
the differential equations:
ih@tw1 ¼ ðE1  RÞw1  Rw2
ih@tw2 ¼ ðE2  RÞw2  Rw1

: ð37Þ
where Ek ¼ 2ek, for k = 1, 2. In order to obtain a Hamiltonian system,
as in the case of Feynman’s celebrated model of Josephson junc-
tions, we need to symmetrize the linear operator representing the
coefﬁcient matrix in (38), therefore setting:
H^S ¼
~E1 RR
RR ~E2
 !
; ð38Þ
where ~E1 ¼ E1  RR. The differential equations obtained in this case
are given as follows:
ih@tw1 ¼ ~E1w1  RRw2
ih@tw2 ¼ ~E2w2  RRw1
(
: ð39Þ
The above equations are all similar to the ones reported in Eq.
(4). In this picture we can therefore consider RR as a small param-
eter describing the interaction energy between two Cooper pairs
on different sites and the quantities ~Ek as the effective energies
of a Cooper pair on site k = 1, 2. In deriving the set of differential
equations (39) starting from (20), we notice that we have made
use of a formal solution of U1 in terms of w1 and w2. Generalizing
these results, we may afﬁrm that, if we carry out the same type
of analysis for more than two coupled superconductors, we end
up with the extension of Feynman’s and Ohta’s models already
proposed by De Luca and Romeo in ref. [13].5. Conclusions
We have considered a microscopic description of N coupled
superconductors in which nearest-neighbour interactions are pres-
ent. Starting from the time evolution of the fermionic operators c^
and c^þ in the Heisenberg picture, we obtain a set of coupled ordin-
ary differential equations for the order parameters Di.
Since the main aim of the present work is to show that
Feynman’s model for a single Josephson junction can be justiﬁed
by a microscopic analysis, we have speciﬁcally written the result-
ing system of differential equations in the case of two coupled
superconductors. In this simple case Feynman’s model is obtained.
In this way, one can argue that there exists a strict correspondence
between the microscopic picture described in the present work
and the semi-classical analysis proposed by Feynman and
successively reﬁned by Ohta. Therefore, generalizations of Ohta’s
model to multi-barrier Josephson junctions [8] based on the
semi-classical analysis developed by the latter author can be
retained to be in line with a strict microscopic description of these
systems.
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